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Abstract
We previously showed that a quantum quench in a one-dimensional translation invari-
ant system produces undamped oscillations of a local observable when the post-quench
state includes a single-quasiparticle mode and the observable couples to that mode [J.
Phys. A 47 (2014) 402001]. Here we consider quenches that break initial translation
invariance. Focusing on quenches performed only on an interval of the whole system,
we analytically determine the time evolution of local observables, which occurs inside
a truncated light cone spreading away from the quenched interval as time increases.
If the quench excites a single-quasiparticle mode, oscillations with the frequency of
the quasiparticle mass stay undamped until a time increasing with the length of the
quenched interval, before eventually decaying as t−1/2. The translation invariant case
with no damping is recovered as the length of the interval goes to infinity.
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1 Introduction
In a quantum quench an extended isolated system is in the ground state |0〉 of its Hamil-
tonian H0 until the time t = 0, when the sudden change of an interaction parameter leads
to a new Hamiltonian H that rules the unitary evolution for positive times. The quench
provides the simplest way to produce nonequilibrium quantum dynamics, and is then the
case in which the main theoretical questions can be addressed. The fact that the quantum
state for t > 0 is dynamically generated acting on a coupling eliminates ambiguities on
the initialization of nonequilibrium evolution, but is the main source of theoretical dif-
ficulty. When the quasiparticle modes excited by the quench interact, which is almost
always the case, the problem cannot be solved exactly [1] even in the one-dimensional case
for which integrability yields so many exact results at equilibrium. However, a general
study can be performed perturbatively in the quench parameter λ (λ = 0 amounts to no
quench). For a translation invariant one-dimensional system with post-quench Hamilto-
nian H = H0+λ
∫
dxΨ(x), the result for the one-point function of a local observable Φ(x)
(e.g. the order parameter) at large times reads [1]
〈Φ(x, t)〉 = 〈Φ〉eqλ + λ
[
2
M2
FΨ1 F
Φ
1 cosMt+O(t
−3/2)
]
+O(λ2) , (1)
where 〈Φ〉eqλ is the equilibrium value in the theory with the Hamiltonian H [2], M the
quasiparticle mass, and FO1 the matrix element of O between |0〉 and a single-quasiparticle
state; in case of several quasiparticle species, the term in the square bracket is summed over
species. (1) emerges as the most general analytic result available for long time evolution
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in nonequilibrium quantum dynamics. If we exclude that |〈Φ(x, t)〉| indefinitely grows in
time, (1) shows the presence of undamped oscillations when the post-quench state includes
a single-quasiparticle excitation mode (FΨ1 6= 0) and the observable couples to this mode
(FΦ1 6= 0). The fact that the undamped oscillations require interacting quasiparticles
(otherwise Ψ creates only quasiparticle pairs and has FΨ1 = 0) is one reason why they
could be predicted only within the general theoretical formulation of [1].
In this paper we consider the case in which pre-quench translation invariance is bro-
ken by the quench. Although our results can be extended to more general patterns, we
illustrate the formalism for quenches that change an interaction parameter in an inter-
val x ∈ [−b, b] of the system that extends along the whole x-axis. We then consider the
post-quench Hamiltonian
H = H0 + λ
∫ b
−b
dxΨ(x) (2)
and show that (1) generalizes to
〈Φ(x, t)〉 = 〈Φ(x)〉eqλ + λ
[
2
pi
FΨ1 F
Φ
1
∫
dp
sin pb
p
cos(
√
p2 +M2 t+ px)
p2 +M2
+O(t−2)
]
+O(λ2) .
(3)
The result implies, in particular, that for FΨ1 F
Φ
1 6= 0 and b ≫ 1/M there are oscillations
that at x = 0 stay undamped up to a time increasing with b, before eventually decaying
as t−1/2. More generally, we show that the one-point function starts to appreciably differ
from the pre-quench value only after a time (|x| − b)/vmax; vmax is the maximal velocity
of a quasiparticle and is 1 in the units we adopt throughout the paper. For any finite b
the t−1/2 damping occurs for any x at sufficiently large times.
In the next section we introduce the theoretical formalism before analyzing in section 3
the time evolution of one-point functions and the oscillation pattern. The results are
summarized and discussed in the last section.
2 Quenches that break translation invariance
2.1 Post-quench state
We consider an infinite one-dimensional system that before the quench is translation in-
variant and in the ground state |0〉 of the Hamiltonian H0. We work in the basis of
asymptotic quasiparticle states |p1, . . . , pn〉 of the pre-quench theory, with pi denoting the
momenta of the quasiparticles. For the sake of notational simplicity we refer to the case
of a single quasiparticle species, generalizations being straightforward. The asymptotic
states are eigenstates of H0 with eigenvalues given by the sum of the quasiparticle ener-
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gies Ei =
√
M2 + p2i . The quasiparticle mass M measures the distance from a quantum
critical point and is taken strictly positive.
The quench at t = 0 leads to the Hamiltonian (2) and for b finite breaks translation
invariance. The quench excites quasiparticle modes and the pre-quench state |0〉 evolves
into the state |ψ0〉 = Sλ|0〉, where
Sλ = T exp
(
−iλ
∫ ∞
0
dt
∫ b
−b
dxΨ(x, t)
)
(4)
(T denotes chronological ordering) is the scattering operator whose matrix elements 〈0|Sλ|n〉
give the probability amplitude that the quench induces the transition |0〉 → |n〉. Here we
are introducing the simplified notation |n〉 = |p1, . . . , pn〉. To first order in λ we have
|ψ0〉 ≃ |0〉 + 2λ
∑∫
n,pi
sinPb
EP
[FΨn ]
∗ |n〉 , (5)
where we defined E =
∑n
i=1Ei, P =
∑n
i=1 Pi and
FOn (p1, . . . , pn) = 〈0|O(0, 0)|p1 , . . . , pn〉 , (6)
introduced the notation ∑∫
n,pi
=
∞∑
n=1
1
n!
∫ ∞
−∞
n∏
i=1
dpi
2piEi
, (7)
and used
Ψ(x, t) = eiPx+iH0tΨ(0, 0)e−iPx−iH0t , (8)
with P the momentum operator. An infinitesimal imaginary part given to the energy
makes the time integral in (4) convergent. Equation (5) shows that in the general case that
we are considering the quench produces excitation modes with any number of quasiparticles
and all possible momenta. Only when the quasiparticles do not interact before and after
the quench the Hamiltonians H0 and H are quadratic in the quasiparticle modes and
yield1 FΨn ∝ δn,2.
2.2 One-point functions
We denote by δ〈Φ(x, t)〉 the variation of the one-point function of a local hermitian ob-
servable Φ with respect to the pre-quench value. At first order in λ it is given by
δ〈Φ(x, t)〉 ≃ 〈ψ0|Φ(x, t)|ψ0〉 − 〈0|Φ(0, 0)|0〉 + CΦ(x)
≃ 4λ
∑∫
n,pj
sinPb
EP
Re{[FΨn ]
∗FΦn e
−i(Et+Px)}+ CΦ(x) , (9)
1See [4] for an early study with noninteracting bosons and translation invariance broken before the
quench.
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where we took into account that dividing by 〈ψ0|ψ0〉 = 1 + O(λ
2) is immaterial at first
order, and added the term
CΦ(x) ≃ −4λ
∑∫
n,pj
sinPb
EP
Re{[FΨn ]
∗FΦn e
−iPx} (10)
to ensure continuity at t = 0, namely the condition δ〈Φ(x, 0)〉 = 0, which is not automatic
in the scattering framework.
In the next section we analyze the properties of the expression (9).
3 Properties of the dynamics
3.1 Truncated light cone
For t large the exponential in (9) rapidly oscillates and suppresses the integrals over
momenta unless the phase is stationary, i.e. unless
∂pj [Ejt+ pj(x± b)] = vjt+ x± b = 0 , j = 1, 2, . . . , n , (11)
where we introduced the velocities
vj =
pj√
M2 + p2j
. (12)
Since vj ∈ (−1, 1), the stationarity condition (11) is satisfied at large t when
|x| < b+ t . (13)
This result corresponds to the fact that the quench produces energy and momentum
through the creation of the quasiparticles in the state (5). These quasiparticles are pro-
duced at t = 0 within the quenched interval |x| < b, but then propagate with maximal
velocity 1. As a consequence, the range of |x| within which the one-point function appre-
ciably differs from its pre-quench value is given by the truncated light cone (13).
This derivation from first principles of the truncated light cone can be compared with
that of the light cone associated to two-point functions in the translation invariant case [3],
in which the connectedness structure of matrix elements enters as an additional ingredient.
3.2 Large time behavior
For x fixed and t large enough, the stationarity condition vj = −(x ± b)/t for the phase
in (9) implies that the integrals receive a significant contribution only when all momenta
pj are small, and then can be evaluated with (sinPb)/P → b and Ej → M + p
2
j/2M .
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In addition, for particles with fermionic statistics, which is generic in interacting one-
dimensional systems, the factor [FΨn ]
∗FΦn in (9), evaluated for momenta all tending to
zero, will be proportional to
∏
1≤i<k≤n(pi − pk)
2; this holds also for n = 1, since for a
scalar operator O the matrix element FO1 is momentum-independent (it also real). It is
then straightforward to rescale the momenta and see that the n-quasiparticle contribution
in (9) behaves at large times as t−n
2/2. This yields the result in the square bracket of (3).
As long as FΨ1 F
Φ
1 6= 0, the leading contribution at large times is given by n = 1 and is
suppressed as t−1/2; the first subleading contribution comes from n = 2 and decays as t−2.
The result in the square bracket of (1) for the translation invariant case is recovered
from (9) using limb→∞(sinPb)/P = piδ(P ). When rescaling the momenta for large t, the
factor δ(P ) in the integrand yields an extra power t1/2 with respect to the previous case,
so that the n-quasiparticle contribution this time behaves as t−(n
2−1)/2. Now the term
n = 1 is undamped, while the term n = 2 is suppressed as t−3/2.
3.3 Asymptotic offset
In the equilibrium theory with Hamiltonian (2) the first order contribution in λ to a one-
point function 〈Φ(x)〉eqλ is given by
δ〈Φ(x)〉eqλ ≃ −iλ
∫ ∞
−∞
dt
∫ b
−b
dy 〈0|TΨ(y, t)Φ(x, 0)|0〉c (14)
= −iλ
∫ b
−b
dy
[∫ ∞
0
dt 〈0|Ψ(y, t)Φ(x, 0)|0〉c +
∫ 0
−∞
dt 〈0|Φ(x, 0)Ψ(y, t)|0〉c
]
,
where the subscript c indicates the connected part of the two-point function. Using (8)
and expanding over asymptotic states we obtain
δ〈Φ(x)〉eqλ ≃ −iλ
∑∫
n,pj
∫ b
−b
dy
∫ ∞
0
dt e−iEt 2Re{FΨn [F
Φ
n ]
∗eiP (x−y)}
= −4λ
∑∫
n,pj
sinPb
EP
Re{FΨn [F
Φ
n ]
∗eiPx}
= CΦ(x) , (15)
where we finally compared with (10). Hence, recalling that the time-dependent part of (9)
goes asymptotically to zero, we obtain
lim
t→∞
〈Φ(x, t)〉 = 〈Φ(x)〉eqλ +O(λ
2) , (16)
as anticipated in (3). In the translation invariant case the r.h.s. of (16), which no longer
depends on x, is the value around which the undamped oscillations occur (see (1)).
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Figure 1: The function (18) for t = 0 andMb = 15. f(x, 0) approximates through (19) the
equilibrium one-point function, and through (16) the large time limit of the nonequilibrium
evolution.
3.4 Single-quasiparticle mode
Let us rewrite (3) as
〈Φ(x, t)〉 = 〈Φ(x)〉eqλ + λ
[
2
piM2
FΨ1 F
Φ
1 f(x, t) +O(t
−2)
]
+O(λ2) , (17)
where
f(x, t) = M2
∫
dp
sin pb
p
cos(
√
p2 +M2 t+ px)
p2 +M2
=
∫
dq
sin qMb
q
cos(
√
q2 + 1Mt+ qMx)
q2 + 1
(18)
determines the contribution to time dependence coming from the single-quasiparticle
mode. In the last expression we made explicit that f(x, t) actually depends on the di-
mensionless quantities Mx, Mt and Mb. For FΨ1 F
Φ
1 6= 0 and for small quenches, i.e. for
small λ, f(x, t) determines the large time behavior of the one-point function until a time
scale that goes to infinity as λ is reduced.
For short times, on the other hand, the analysis of section 3.2 cannot be used to
neglect the terms with n > 1 in (9). It is known, however, that the contribution to
the quasiparticle expansion is normally rapidly suppressed as n increases (see [2] for the
translation invariant case), so that f(x, t) is expected to provide a good approximation
also for short times. An interesting confirmation of this expectation comes from the fact
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Figure 2: The function f(x, t) forMb = 30. When inserted in (17) the function determines
the large time evolution of the one-point function, but provides a good approximation also
for short times. The figure shows that the time evolution takes place inside the truncated
light cone |x| < b+ t (see also Figure 3).
that, together with (15) and (10), it implies
δ〈Φ(x)〉eqλ ≈ −λ
2
piM2
FΨ1 F
Φ
1 f(x, 0) (19)
for the first order contribution to the equilibrium expectation value. Figure 1 shows that
the n = 1 contribution is indeed sufficient to account for the expected result, namely that
of a constant variation concentrated in the interval |x| . b. We recall that this result in
turn determines through (16) the large time limit of the nonequilibrium evolution.
This discussion shows that the expression (17) (without the term O(t−2)) can be used
not only for large times but, with good approximation, also for intermediate and short
times. Hence, the function (18) allows a global view of the time evolution for small
quenches. A plot of this function is shown in Figure 2. The truncated light cone is clearly
visible and further illustrated in Figure 3.
Figure 2 also exhibits the oscillations in time with frequency equal to the quasiparticle
mass M . They are initially homogeneous inside the quenched interval, but are progres-
sively affected by the propagation inside the interval of the effects of symmetry breaking
at |x| = b. The evolution at x = 0 is shown in Figure 4, where one sees that the oscillations
stay undamped up to t ∼ b, before eventually undergoing the t−1/2 suppression derived in
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Figure 3: The function f(x, t) for Mb = 10. Left: Mt=10. The function tends to zero
outside the edges of the light cone located at |x| = b+ t. Right: Mx = 20. Time evolution
becomes appreciable only after that the light cone is reached at time t = |x| − b.
section 3.2. Through this mechanism, absence of damping for all times in the translation
invariant case is recovered as b→∞.
4 Discussion
We have extended the theory of quantum quenches introduced in [1] to the case of quenches
that break the initial translation invariance of the system. We analyzed the case in which
the one-dimensional homogeneous system is initially in the ground state and then un-
dergoes an instantaneous quench (change of an interaction parameter) affecting only an
interval of length 2b. The theory determines the post-quench state and accounts, at the
same time, for the variety of physical behaviors. Indeed, the excitation modes produced
by the quench depend on the matrix elements FΨn (p1, . . . , pn) of the quench operator Ψ on
the quasiparticle states. In addition, the time evolution of a local observable Φ depends
on its matrix elements FΦn (p1, . . . , pn). Remarkably, however, main properties of the dy-
namics can be determined in general. One of them is the truncated light cone that spreads
away from the quenched interval as time increases. Another key feature is that for small
quenches the long time behavior of one-point functions is determined by the lowest n, let
us call it n0, for which F
Ψ
n F
Φ
n 6= 0. Since, due to the rapid convergence of the quasiparticle
expansion, n0 usually gives the main contribution also for intermediate and short times,
a single term of the sum over n-quasiparticle excitations allows a global view of the time
evolution.
It is also remarkable that the theory unveils a qualitative difference between the case
of noninteracting quasiparticles and the ordinary case in which the quasiparticles interact.
Indeed, absence of interaction corresponds to a Hamiltonian quadratic in the quasiparticle
modes, and then to FΨn ∝ δn,2. The interacting case, instead, gives n0 = 1 unless F
Ψ
1 F
Φ
1
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Figure 4: The function f(0, t) for Mb = 20. There are undamped oscillations until t ∼ b,
while the t−1/2 damping eventually sets in for larger times.
vanishes for symmetry reasons that are easy to check (see [2] for a series of examples
in the translation invariant case). It is the case n0 = 1 that produces oscillations that
stay undamped until a time increasing with b, and then for all times in the translation
invariant case b = ∞. It was observed in [1] and illustrated in detail in [2] that this
qualitative difference finds its simplest manifestation in the Ising spin chain, in which
interaction among the quasiparticles is switched on by a longitudinal field.
The general character of these features of one-dimensional nonequilibrium dynamics
– they are related to symmetry and presence of interaction – explains that the theory
reveals them already at first order in the expansion in the quench parameter λ. It is also
clear that they do not depend on integrability2. The analytic results for n0 = 1, which
we illustrated in section 3.4, are also largely universal for small quenches. In presence
of several quasiparticle species there is a contribution from each species, and there are
different oscillation frequencies for the different quasiparticle masses.
The undamped oscillation of [1] for the translation invariant case have been obeserved,
within the accessible time scales, in numerical and experimental studies (see [6, 7, 8,
9, 10]). In [6, 9, 10] the oscillations were observed to arise only for special choices of the
observable and of the initialization of the dynamics. The theory explains that this amounts
to searching for the condition FΨ1 F
Φ
1 6= 0. In [7, 8] the actual quenches considered in the
theory were implemented. The case of [10] is particular for the fact that the oscillations,
2Integrability becomes relevant if one wants exact expressions for the matrix elements FΨn and F
Φ
n in
(9), see [2, 5].
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as well as results of [3] for the light cone spreading of correlations, were observed in a spin
chain with long range interactions, thus indicating a remarkable robustness of the theory.
The quenches considered in the present paper are also perfectly accessible to simula-
tions and experiments and it would be interesting to check the predictions of the theory.
The lack of translation invariance is a common feature with the experiment of [11], were
integrability (of the translation invariant system at equilibrium) was suggested as a pos-
sible explanation for the appearance of persistent oscillations. As we already remarked,
the theory does not assign to integrability a role in this matter. The simplest case where
to observe the pattern of Figure 2 is that of the order parameter σ in the Ising spin chain
initially in the ground state of the paramagnetic phase, with the quench realized switching
on a small longitudinal field. Our formulae then apply with Φ = Ψ = σ and F σ1 6= 0.
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